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ABSTRACT 

An approximate solut ion i s  given of t he  problem of t h e  turbulent  
boundary layer  of an incompressible flow on a porous w a l l .  The thermal 
flows t h a t  must be removed from the  w a l l  f o r  maintaining i t s  given l e v e l  
of temperature and the  temperature of t h e  heat insulated porous surface 
are considerably lowered with the  increase i n  t h e  i n t e n s i t y  of the  blow- 
ing, p a r t i c u l a r l y  i n  u t i l i z i n g  the  heat of vaporization. The t e s t s  
s a t i s f a c t o r i l y  confirm the  proposed simple theo re t i ca l  formulas f o r  
computing the  res i s tances  and heat t r ans fe r s  of  a porous w a l l .  
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NATIONAL mRONAUTICS AND SPACE ADMINISTRATION 

TURBUIXNT BOUNDARY LAYER OF AN INCOMPRESSIBLE 

FLUID ON A POROUS WALL" 

By L. E. Kalikhrnan 

One of t he  e f fec t ive  methods of cont ro l l ing  the  boundary layer  i s  
through the  suct ion o r  blowing of a l iqu id  (gas)  i n  t h e  boundary layer .  
This means may be taken, fo r  example, with t h e  object of decreasing t h e  
surface f r i c t i o n ,  preventing separation of t h e  flow, reducing the  hea t  
t r ans fe r ,  o r  protect ing the  surface from high temperature. 

The ex i s t ing  theo re t i ca l  s tudies  r e fe r r ing  predominantly t o  the  
laminar boundary layer  on a porous wall  are fundamentally systematized 
i n  t h e  monograph of Schlichting ( r e f .  1). 

The inflow of f l u i d  through a wall ind ica tes  t h e  presence of a 
normal component of the  veloci ty  on the inner boundary of t h e  boundary 
layer  and a decrease of t h e  s t a b i l i t y  of t h e  laminar sublayer near t he  
w a l l .  
a r y  layer  on a porous w a l l  t o  the  conditions i n  the  boundary layer  o f  a 
f r e e  stream. 

Both these  circumstances approximate t h e  conditions i n  the  bound- 

We choose t h e  x and y axes along and normal t o  the  p la te ,  
respect ively;  t h e  o r ig in  of coordinates i s  on t h e  leading edge of t h e  
p l a t e .  
l e n t  boundary l aye r  of an incompressible f l u i d  then have t h e  form 

The d i f f e r e n t i a l  equations of t h e  two-dimensional steady turbu- 

where 

ax dy 
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a r e  the f r i c t i o n  stress and t h e  uni t  heat flow, respectively; u and v 

p i s  the densi ty  of the  flow; T i s  the  temperature; cp i s  the heat 
capacity o f  un i t  weight; and 2 i s  t h e  mixing length, which we s h a l l  
assume constant i n  a cross  section. 

t h e  pr=Ject:ons of tk;e .{eloc-ty orL the x aiid -- y axes, respectively; 

The boundary conditions of the  problem a r e  

f o r  y = O  u = O  v = v O  M 
I 
c\) 
0, 
!A) 

( 5 )  

where U and ‘lj, a r e  t h e  veloci ty  and temperature of t h e  flow outs ide 
t h e  boundary layer,  respectively,  and 6 i s  t h e  thickness of the layer.  

By introducing t h e  stream function + by the  equations 

we obtain 

By assuming t h a t  the  veloci ty  p r o f i l e s  i n  the  d i f f e r e n t  sections of the  
boundary layer  a r e  s i m i l a r ,  we s e t  

( 7 )  Y + = E f ( 7 )  7 = E  
Subst i tut ing the  values of the  der ivat ives  of t h e  function J, 

i n  equation (1) and separating the var iables  give 

1 d3f - 62 d6 
f a73 222 ax 

- - - - - -  

The le f t  s ide of equation ( 7 )  depends only on 7, t h e  r i g h t  s ide only on 
hence, they a r e  each equal t o  a constant magnitude which we denote by 3. 

W e  obtain t h e  two equations 

d3f 3 

dV3 
- + m f = O  (9 )  
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The solut ion of equation (9)  has t h e  form 

The boundary conditions (4) give 

f ' ( 0 )  = 0 f ( 0 )  = - - = 
u6' 
vo 

f '  - (1) = 1 f"(1) = 0 ) 
We solve t h e  problem f o r  t h e  case where t h e  parameter E maintains 

From the four conditions a constant value over the  length of the  p l a t e .  
i n  equations ( 1 2 )  we obtain - 

3 - - m  
2 - cos m - fi sin* m 

2 
e 

3 - - m  

2 s i n  2 - c o s $ m - v  1 

c., = - 
5 

* m  - cos G m - fi s i n  
- 

2 
2 e 

2 

3 3 - - m  
2 am- *sin-@m 2 2 - cos e 

3 - 2 m  
- e  m 1 + z c o s q m  m 

E =  
m 

-m * m - fi eWm s i n  Y? m e - e cos 
2 

2 2 
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The coef f ic ien t  of f r i c t i o n  w i l l  be 

where * m - fi s i n  
m) 

m - 3 ,  
2 - z e - z + < ( e  m 2 + cos 

T 
CO 
(3, 
CO 

(16) 
2 f"(0)  = m 

- 3 m  
e 2 - cos a m -  f i s i n G m  

2 2 

In  pa r t i cu la r  f o r  t h e  p l a t e  without blowing ( v o  = 0) we obtain 
C1 = 0.13091, C 2  = -0.13091, C 3  = 0.22673, m = 1.8498, f " (0)  = 1.344. 

As i s  known, i n  a turbulent  layer  f o r  Re< lo7 

cf = 0.0592 Re -0.2 (.e = y) 
From equations (15) and (17)  we obtain the  nondimensional mixing 

length Z/S f o r  vo = 0 and assume it t o  be independent o f  t h e  blowing 

2 - = b Re"*' ( b  = 0.129) 
6 (1.8) 

From equations (10) and (18) we have 
d6 2 3 -0.2 - = 2b m R e  
dx 

In tegra t ing  equation (19) by making use of t he  i n i t i a l  condition 
f o r  x = 0 gives 

6 = 0 

( 20) 
2 3 -0 .2  6 = 2.5 b m Re x 

From t h e  de f in i t i on  of E ,  if account i s  taken of equation (19), t h i s  
r e l a t i o n  follows: 

(21) - vo Re 0.2 = -2bzm3< 
U 

Thus, t h e  condition of t h e  constancy of along the  p l a t e  i s  

equivalent t o  the  condition - vo R e o b 2  = const. ,  t h a t  i s ,  t he  blowing 

ve loc i ty  varies i n  our so lu t ion  as 
U 

Ir, 
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The parameter 6 
through a p l a t e  of length 
with ve loc i ty  U through a sect ion o f  t h e  boundary layer:  

expresses the  r a t i o  of t h e  amount of f l u i d  blown 
x t o  the  amount of t he  o r ig ina l  f l u i d  flowing 

VO 
U 

on the  in t ens i ty  of t h e  blowing i s  represented i n  

The combination - Reoo2 i s  the fundamental parameter character-  

i z ing  the  i n t e n s i t y  of t h e  boundary-layer blowing. 
o r i g i n a l  discharge E 
f igu re  1. The change of thickness of t h e  boundary layer 6 as a function 
of - i s  shown i n  f igu re  2.  

The dependence of t he  

vO 
U 
The ve loc i ty  p r o f i l e  w i l l  be 

The following magnitude w a s  chosen as an independent var iable  i n  
t h e  construct ion of t he  veloci ty  p ro f i l e s  ( f i g .  3): 

- R e o o Z  = 2.5 b2m37 
X 

The l o c a l  and mean coeff ic ient  of  f r i c t i o n  on the  bas i s  of equations 
(E)  and (18) w i l l  be 

cf = 2b2f ' I2 (  0) Re" 

Cf = - cfdx = 2.5 b2f"2(0)Re-002 
X 

( .-, 
A-s ) 

Figure 4 shows t h e  dependence on - vo Re O o 2  of t he  r a t i o  of t he  U 
coe f f i c i en t  of f r i c t i o n  with blowing t o  i t s  value withoct blowing. The 
reduct ion of t h e  f r i c t i o n  surface with blowing i s  explained by t h e  in- 
crease i n  t h e  thickness  of t he  boundary layer  and t h e  corresponding de- 
crease i n  the  ve loc i ty  gradient a t  the w a l l .  The r e s u l t s  of  the  compu- 
tatior.. of t he  dynamic magnitudes a r e  col lected i n  the  t ab le .  

From equations (l), (3), and (4) i t  follows t h a t  the  ve loc i ty  pro- 
f i l e s  and temperature drops are s i m i l a r :  

( 2 6 :  
T - T w  = -  u 

U Tb - Tw 



S 

whence 

Nu = b2f"2(0)Reo'8 

NU, = 1 .25  b2f"2(0)Re0.8 

where 

Hence ( f i g .  4): 

( 2 8 )  
M 
I 
c\) 
0, 

(39) 

Let us determine the  difference betveen che t o k l  arn:)unt o: nt?ai 
passing through u n i t  surface i n  uni t  time ( i . e . ,  carr.ivl! + r . ~ a y  -, 
hot stream) and the  heat i n  the  heating and possible  v 
tpL- blown fluid. This excess heat  which i s  r q u i r e c  i,c :>c r 
frm the walls w i l l  be 

what>  G = povog = p6vbg i s  the  weight discharge of  t i i t -  T - * -  .i L 

po and TO are  the  densi ty  and temperature a t  t b v  C Y  f ' * o r 3  IA, 1 ' 

respectively; pb and T6 a r e  i t s  densi ty  and temper. L u r e  i n  t he  
:-eservoir, respectively,  t h a t  is ,  a t  t he  entrance t o  t h e  w a l l ;  and : 
and cp 

wpight of t he  blown f lu id ,  respect ively.  

. .  

are t h e  l a t e n t  heat of vaporization and the  capacity per u f i l i  
0 

By assuming po = p and TO f Tw we obtain 

c 
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where 

Figure 5 shows an  example of - the  computation of t he  excess t h e r m 1  
flows without vaporization fo r  r = 0, c /c = 1, = 0.288, 'sw = 0.3 

C 0.48 1000 

Po P, 
and 0.5 (curve a) and with vaporization f o r  r = 838-3 = 112, 

- - - -  - 0.48 - 2, Td = 0.288, and TW = 0.3 and 0.5 (curve b ) .  It i s  of 
C 0.24 
i n t e r e s t  t o  remark t h a t  i n  the  presence of vaporization very small r e l a -  
t i v e  discharges a r e  already su f f i c i en t  f o r  maintaining a given tempera- 
t u r e  a t  t h e  w a l l .  I n  t h e  case of the thermal insu la t ion  o f  t he  surface 
no heat  from t h e  w a l l  i s  conducted away (q; = 0 ) .  
ca r r i ed  away from t h e  stream then goes e n t i r e l y  f o r  heating (and possibly 
vaporizing) t h e  blown f l u i d .  

The amount of  heat 

From equation (32)  with Nu' = 0 w e  obtain 

W 

- b2f'"(0) + e (: Reo*$(?b - 7) 
T,, = 

Po vo 0 - 2  

cP 

C 
2 2  b f"  (0) + - - Re 

U 

(33) 

- 
Figure 6 presents  an example of t he  computation of Tw without 

vaporization (curve a )  and with vaporization (curve b )  of water f o r  
Tb = 288 
layer  even without vaporization considerably lowers t h e  temperature of 
t h e  heat insu la ted  surface. 

and % = 1000° K. We see that t h e  in j ec t ion  i n  t h e  boundary 

The temperature of t h e  heat insulated surface and t h e  approximate 
magnitude of t he  thermal flows were experimentally determined i n  reference 
2.  The tests were conducted by t h e  in j ec t ion  o f  air  i n  a round tube of 
diameter d = 76.2 millimeters, l), = 700' - 1000° K, Tb = 294O K. 
Reynolds number of t he  flow w a s  
discharge G = 0.55 - 0.058 Q / M ~  sec. There were measured Tb, T,, ~ 6 ,  
G. 
e s s e n t i a l l y  t o  a p a r t  of t h e  tube, that  is ,  we assumed 6 = d/2. By 
assuming a r b i t r a r i l y  several values of 11 R e o o 2  

The 
Red = v,d~/p = 25,000/215,000, t he  

I n  working up t h e  experimental data w e  assumed t h a t  they r e f e r  

VO w e  f ind  fo r  given 
V 

Red successively: t h e  mean velocity i n  the tube by the  formula 
- = 2  ( I - B ) d i  (34) 

0 U 
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t h e  parameter 

z -  
U 

t he  discharge 
0.25 - 2w G - -  

d 
I 

N 
% Thus, the  r e s u l t s  o f  t he  t e s t s  may be represented as a function of 

W e  see t h a t  t he  agreement of the t h e o r e t i c a l  - vo R e  
U 
curve (without vaporization) with t h e  experimental i s  e n t i r e l y  satis- 
factory.’ The uni t  flow of heat qw through t h e  surface f o r  a steady 
conducting of t h e  t e s t  may be determined from t h e  change of t he  enthalpy 
of t h e  injected air 

as i n  f igure  6. 

qw = Gc P ( T  0 - 

The temperature TO w a s  not measured i n  the  t e s t .  By varying 
approximately To through Tw, w e  evident ly  obtain somewhat higher 
v a l u e s  of 
poss ib le  within the  w a l l  with consequent underheating of t h i s  a i r  i n  the  
mixture with t h e  hot flow. The r e s u l t s  of t h i s  evaluation of t h e  t e s t  
da ta  a r e  given i n  f igure  4 which shows t h a t  t h e  character  of t h e  theo re t i -  
c a l  dependence i s  e s sen t i a l ly  confirmed. 

q,, since ac tua l ly  an underheating of t h e  in jec ted  a i r  i s  

CONCLUSIONS 

An approximate solut ion i s  given of t h e  problem of the  turbulent  
boundary layer of an incompressible flow on a porous w a l l .  It i s  shown 
t h a t  t h e  fundamental parameter defining t h e  process i s  t h e  i n t e n s i t y  of 
t h e  in j ec t ion  - R e o o 2  connected with t h e  r e l a t i v e  discharge E .  With 

increase  i n  - Reoo2 the  thickness  of t he  boundary layer  increases,  t h e  

ve loc i ty  p ro f i l e s  become l e s s  f u l l ,  and t h e  f r i c t i o n a l  res i s tances  of  t h e  
p l a t e  decrease. The thermal flows t h a t  must be removed from t h e  w a l l  f o r  
maintaining i t s  given l e v e l  of temperature and the  temperature of t he  heat 

vO 

V O  
U 

‘The experimental da ta  were a l so  worked on t h e  assumption t h a t  t he  
thickness  of t h e  boundary layer  a t  the  start of t he  t e s t  por t ion  was equal 
t o  zero. The r e s u l t s  p r a c t i c a l l y  did not change. 

b 

h 
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insu la ted  porous surface are considerably lowered w i t h  t he  increase i n  
t h e  in t ens i ty  of  t h e  blowing, pa r t i cu la r ly  i n  u t i l i z i n g  the heat  of 
vaporization. The t e s t s  s a t i s f a c t o r i l y  confirm t h e  proposed simple 
t h e o r e t i c a l  formulas f o r  computing the  res i s tances  and heat t r ans fe r s  of 
a porous w a l l .  
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Figure 1.- Dependence of o r i g i n a l  
discharge 5 on i n t e n s i t y  of 
blowing. 
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Figure 2 . -  Change of thickness of 
boundary layer d as funct ion of 
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Figure 3.- Velocity p r o f i l e s  for d i f f e r e n t  
blowing i n t e n s i t i e s .  
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0.13091 
0.1234 
0.11625 
0.08158 
0.05571 
0.03451 

-0.00954 
-0.01925 
-0.02703 
-0.03319 
-0.037% 
-0.04137 

m 

-0.13091 
-0.13202 
-0.13295 
-0.13567 
-0.13535 
-0.13303 
-0.11874 
-0.11251 
-0.10591 
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1.8498 
1.87 
1.89 
2.0 
2.1 
2.2 
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2.6 
2.7 
2.8 
2.9 
3.0 

Nu - 
%fO 

1 .c 

C 
.C  

E 

0 
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-0.054 
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-0.130 
-0.126 

? 
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0 
0.00185 
0.00370 
0.0142 
0.0242 
0.0345 
0.0658 
0.0761 
0.086 
0.095 
0.104 
0.1123 

1 
1.033 
1.067 
1.26 
1.46 
1.68 
2.47 
2.78 
3.11 
3.47 
3.85 
4.26 

Ct 
=t"o = 0 

1 
0.97 
0.94 
0.79 
0.65 
0.53 
0.215 
0.14 
0.079 
0.036 
0.010 
0.00026 

c.3 

0.22673 
0.21871 
0.21099 
0.17253 
0.14248 
0.11665 
0.05754 
0.04273 
0.02994 
0.01887 
0.009317 
0.001402 

f" (0) - 
1.34 
1.32 
1.30 
1.20 
1.09 
0.98 
0.62 
0.50 
0.38 
0.26 
0.13 
0.022 

X 

+ @ 
m w 

8 50,000 
X 25,000 

60,000 
@ 215,000 
-k 155,000 

@ 150,000 
0 195,000 
8 35,000 
0 65,000 

0 70,000 

L 1 1 1 

Figure 4. - Resistance and heat transfer of a plane as function 
of blowing intensity. 
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-0.71 Total  amount of heat 
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b 
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R e  U 

- 
Figure 5. - Excess heat t h a t  must be removed from w a l l .  
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Figure 6 .  - Relative temperature of surface as function of in tens i ty .  


